Abstract: The aim of this article is to extend results of Maslyuchenko, Mykhaylyuk and Popov about narrow operators on vector lattices. We give a new definition of a narrow operator, where a vector lattice as the domain space of a narrow operator is replaced with a lattice-normed space. We prove that every GAM-compact (bo)-norm continuous linear operator from a Banach-Kantorovich space V to a Banach lattice Y is narrow. Then we show that, under some mild conditions, a continuous dominated operator is narrow if and only if its exact dominant is so.
Introduction

1.1.
Today the theory of narrow operators is a very active area of Functional Analysis [4-6, 8, 12, 13, 18] . Plichko and Popov [20] were the first who systematically studied this class of operators. It is worth remarking, however, that narrow operators have been studied in some particular cases by other authors yet before this notion was introduced. For example, Ghoussoub and Rosenthal [9] have considered "norm-signed preserving operators" on L 1 [0 1], which are precisely the operators on L 1 [0 1] which are not narrow. On the other hand, Enflo and Starbird [7] proved that if T :
1 -complementary singular (i.e., T is invertible on no complemented subspace of L 1 (µ) isomorphic to L 1 (µ)) then T is narrow. Johnson, Maurey, Schechtman and Tzafriri [10] proved that every operator T : L (µ) → L (ν), 1 < < 2, which is L -complementary singular is narrow. Later Kadets, Shvidkoy and Werner [13] had considered narrow operators in a different context. Flores and Ruiz [8] considered narrow operators from a Köthe function space E. Finally, Maslyuchenko, Mykhaylyuk and Popov [18] considered a general vector-lattice approach to narrow operators.
1.2.
In the seminal paper [18] the authors gave a new definition of a narrow operator.
Definition 1.1.
Let E be an atomless order complete vector lattice, X a Banach space. A map : E → X is called narrow if for every ∈ E + and every ε > 0 there exist some ∈ E such that | | = and ( ) < ε. We say that is strictly narrow if for every ∈ E + there exists some ∈ E such that | | = and ( ) = 0.
Also, in [18] another definition of a narrow operator for the case when the range space is a vector lattice was given. Let E F be vector lattices with E atomless. A linear operator T : E → F is called order narrow if for every ∈ E + there exists a net ( α ) α in E such that | α | = for each α and T α (o) → 0.
1.3.
In this paper we consider narrow operators in the framework of lattice-normed spaces. The notion of a lattice-normed space was introduced by Kantorovich [14] in the first part of 20th century. Later, Kusraev and his school had developed an extensive theory of lattice-normed spaces. A detailed account the reader can find in [15] .
Preliminaries
The goal of this section is to introduce some basic definitions and facts. General information on vector lattices, Banach spaces and lattice-normed spaces the reader can find in the books [1, 2, [15] [16] [17] 19 ].
2.1.
Consider a vector space V and a real archimedean vector lattice E. A map
V → E is a vector norm if it satisfies the following axioms: The following object will be often used in different constructions below. Let V be a lattice-normed space and ∈ V . A sequence ( ) ∞ =1 is called a disjoint tree on if 1 = and = 2 2 +1 for each ∈ N. It is clear that all are fragments of . All lattice-normed spaces below we consider to be decomposable.
2.2.
Let (V E) be a lattice-normed space. A subspace V 0 of V is called a (bo)-ideal of V if for ∈ V and ∈ V 0 , from      ≤       it follows that ∈ V 0 . A subspace V 0 of a decomposable lattice-normed space V is a (bo)-ideal if and only if V 0 = { ∈ V :      ∈ L},
2.3.
Consider some important examples of lattice-normed spaces. We begin with simple extreme cases, namely, vector lattices and normed spaces. If V = E then the modules of an element can be taken as its lattice norm:
Decomposability of this norm easily follows from the Riesz Decomposition Property holding in every vector lattice. If E = R then V is a normed space.
Let Q be a compact and let X be a Banach space. Let V = C (Q X ) be the space of continuous vector-valued functions from Q to X . Let E = C (Q R). Given ∈ V , we define its lattice norm by the relation
Let (Ω Σ µ) be a σ -finite measure space, let E be an order-dense ideal in L 0 (Ω) and let X be a Banach space. By L 0 (Ω X ) we denote the space of (equivalence classes of) Bochner µ-measurable vector-functions acting from Ω to X . As usual, vector-functions are equivalent if they have equal values at almost all points of the set Ω. If is the coset of a measurable vector-function : Ω → X then → ( ) , ∈ Ω, is a scalar measurable function whose coset is denoted by the symbol
Then (E(X ) E) is a lattice-normed space with a decomposable norm [15, Lemma 2.3.7] . If E is a Banach lattice then the lattice-normed space E(X ) is a Banach space with respect to the norm ||| ||| = (·) X E .
2.4.
Let E be a Banach lattice and let (V E) be a lattice-normed space. By definition,      ∈ E + for every ∈ V , and we can introduce some mixed norm in V by the formula
The normed space (V ||| · |||) is called a space with a mixed norm. In view of the inequality |
so a vector norm is a norm continuous operator from (V |||·|||) to E. A lattice-normed space (V E) is called a Banach space with a mixed norm if the normed space (V |||·|||) is complete with respect to the norm convergence.
2.5.
Consider lattice-normed spaces (V E) and (W F ), a linear operator T : V → W and a positive operator S ∈ L
is satisfied then we say that S dominates or majorizes T or that S is dominant or majorant for T . In this case T is called a dominated or majorizable operator. The set of all dominants of the operator T is denoted by majT . If there is the least element in majT with respect to the order induced by L + (E F ) then it is called the least or the exact dominant of T and it is denoted by
The set of all dominated operators from V to W is denoted by M(V W ). Denote by E 0+ the conic hull of the set 
Definition and some properties of narrow operators
In this section we introduce a new class of operators in lattice-normed spaces and describe some of their properties.
Definition 3.1.
Let (V E) be a lattice-normed space, X a Banach space and suppose that E is atomless. An operator T : V → X is called narrow, if for every ∈ V and ε > 0 there exist two MC fragments
The set of all narrow operators from a lattice-normed space (V E) to a Banach space X we denote by N(V X ).
Lemma 3.2.
If a lattice-normed space (V E) coincides with (E E) then Definitions 1.1 and 3.1 are equivalent.
Proof. Let X be a Banach space and let T : E → X be a narrow operator in accordance with Definition 3.1. Consider an element ∈ E + and ε > 0. Then there exist two MC fragments Proof. We consider an element ∈ V . Let ε = 2 − and let 1 2 be MC fragments of the element and
The sets of narrow and order narrow operators coincide if a vector lattice F is good enough.
Lemma 3.4.
Let (V E) and (W F ) be the same as in Lemma 3.3 and let F be a Banach lattice with order continuous norm. Then a linear operator T : V → W is order narrow if and only if T is narrow.
Proof. Let → 0. Fix any ε > 0. Using the fact that the norm in F is order continuous we
In view of Lemma 3.3, the converse is true.
The following lemma will be useful later. Proof. The first part is obvious. Let T : V → J be a dominated operator such that T : V → W is order narrow. For any ∈ V we choose a net ( α ) α∈Λ where every element α is a difference 1 α − 2 α of two MC fragments of such that
Using the fact that the operator T is dominated and its exact dominant is
Thus, the net (T α ) α∈∆ (bo)-converges to 0 in (J F 1 ).
Narrow and GAM-compact operators
In this section we investigate connections between narrow and GAM-compact operators. Example 4.1.
Let (V E)
In a particular case when V = E the sets of GAM-compact and AM-compact operators from V to Y are equal.
Example 4.2.
If E = R then V is a normed space and the sets of GAM-compact and compact operators from V to Y are equal.
Example 4.3.
Let X Y be Banach spaces and let (Ω Σ µ) be a finite measure space. Let L 1 (µ X ) be the space of µ-Bochner integrable functions on Ω with values in X , and L ∞ (µ X ) be the space of X -valued µ-Bochner integrable functions on Ω that are essentially bounded. A function ∈ L ∞ (µ L(X Y )) is said to have its essential range in the uniformly compact operators if there is a compact set C in Y such that (ω) ∈ C for almost all ω ∈ Ω and ∈ X ,
Theorem 4.4 ([3, Theorem 2]).
Let X be a Banach space such that X has the Radon-Nikodým property. Then there is an isometric isomorphism between the space of compact operators K (L 1 (µ X ) Y ) and the subspace of L ∞ (µ K (X Y )) consisting of those functions whose essential range is in the uniformly compact operators. Namely, T ∈ K
Lemma 4.5.
Let X be a Banach space such that X has the Radon-Nikodým property. Then every representable measurable kernel operator T : L 1 (µ X ) → Y whose kernel has the essential range in the uniformly compact operators is GAM-compact.
Proof. Let M ⊂ V be a (bo)-bounded set. Then there exists
By Theorem 4.4, the lemma is proved.
Lemma 4.6.
Let (V E) be a Banach space with a mixed norm and let X be a Banach space. Then every GAM-compact operator T : V → X is norm bounded.
Proof. If 
Let (V E) be a Banach space with a mixed norm, E an order continuous Banach lattice and X a Banach space. Then every GAM-compact operator T : V → X is (bo)-norm continuous.
The following lemma is well-known [11, p. 14].
Lemma 4.8.
Let ( ) =1 be a finite collection of vectors in a finite dimensional normed space X and let (λ ) =1 be a collection of reals with 0 ≤ λ ≤ 1 for each . Then there exists a collection (θ ) =1 of numbers θ ∈ {0 1} such that
For the rest of the section (V E) is assumed to be a Banach-Kantorovich space, E an atomless order complete vector lattice, X a Banach space and T : V → X a (bo)-norm continuous linear operator.
Lemma 4.9.
Let ∈ V . Then there exist two MC fragments 1 2 of such that
Proof. 
Since E is atomless, we can choose a fragment 0 = 1 − 0 with |||T ||| < α/3. Since 0 ⊥ , 0 + 1 and
which contradicts the maximality of 0 .
Lemma 4.10.
Let ∈ V and ( ) The following lemma indicates that operators with finite dimensional range are also narrow.
Lemma 4.11.
If X is finite dimensional, then T is narrow.
Proof. Fix any ∈ V , ε > 0 and dim X = γ. Using Lemma 4.9, we construct a disjoint tree ( ) on with 
Now we are ready to prove the main result of this section.
Theorem 4.12.
Let (V E) be a Banach-Kantorovich space, E an atomless order complete vector lattice, X a Banach space. Then every GAM-compact (bo)-norm continuous linear operator T : V → X is narrow.
Proof. It is well known that if H is a relatively compact subset of ∞ (D) for some infinite set D and ε > 0 is an arbitrary positive number then there exists a finite rank operator S ∈ ∞ (D) such that − S ≤ ε for every ∈ H.
So, we may consider X as a subspace of some ∞ (D) space
By the notation → we mean isometric embedding. Fix any ∈ V and ε > 0. Since T is a GAM-compact operator,
is relatively compact in X and, hence, in W . Then there exists a finite dimensional operator S ∈ L(W ) such that − S ≤ ε/2 for every ∈ K . Then R = S • T is a (bo)-norm continuous finite dimensional operator. By Lemma 4.11, there exist two MC fragments 1 2 of such that R ( 1 − 2 ) < ε/2. Thus,
Dominated narrow operators
In this section we investigate some properties of the dominated narrow operators. Observe that for every ∈ L 1 (ν) the following equality holds:
Let E F be order complete vector lattices such that E is atomless, F an ideal of some order continuous Banach lattice and (V E) a Banach-Kantorovich space. Then every ( )-continuous dominated linear operator T : V → F is order narrow if and only if
Proof. First we mention that a Banach lattice F is a lattice-normed space and the vector norm   ·   coincides with the module map | · |. Now we prove the theorem for F = L 1 (ν). By Lemma 3.4, instead of order narrowness we will consider narrowness. Assume first that T is narrow. Fix any ∈ E + and ε > 0. Let ∈ V and
is an increasing net, using the order continuity of L 1 (ν), we can choose a finite collection
|T | < ε Let = be a decomposition into a sum of MC fragments and . Then we have
}, the sum of their norms equals the norm of their sum. Thus, we obtain
|T | < ε
For each = 1 we represent = so that ∈ V and T − T < ε/ . Then putting =
and using inequality ( ), we obtain
Using the arbitrariness of ∈ E + and ε > 0, and the fact that 1 2 are two MC fragments of , we deduce that
and again
For each = 1 we decompose = 1 2 so that
and let 1 = =1 1 and 2 = =1 2 . Taking into account that the L 1 -norm of a sum of positive elements equals the sum of their norms, we obtain
Then, using again inequality ( ), we obtain
|T |
Finally, using the fact that 
Therefore,
Let (V E), (W F ) be lattice-normed spaces and let M(V W ) be the space of dominated operators from V to W . The set all lattice homomorphisms from E to F we denote as H(E F ). So, H(V W ) = {T ∈ M(V W ) : 
Theorem 5.2.
Let E F be order complete vector lattices such that E is atomless, F an ideal of some order continuous Banach lattice and let (V E) be a Banach-Kantorovich space. Then every (bo)-continuous dominated linear operator T : V → F is uniquely represented in the form T = T + T , where T ∈ H(V F
)
